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Nonzero temperature

• At nonzero temperature=> Particle may interact with a bath of 

other particles which have an average energy 
• The exact state of all these other particles is not know, since they 

are fluctuating between different configurations. 
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• At nonzero temperature=> Particle may interact with a bath of 

other particles which have an average energy 
• The exact state of all these other particles is not know, since they 

are fluctuating between different configurations. 

!
• All we know: temperature = mean energy 
• => Green’s function should be averaged

bath

Z = Tr[e��H ]where



Imaginary time and Matsubara green’s function

• From the real-time heisenberg picture:

• Replace it => 𝛕: 



Imaginary time and Matsubara green’s function

• From the real-time heisenberg picture:

• Replace it => 𝛕: 

• Matsubara Green’s function: for 0 < τ,τ’ < β

• Time ordering operator:



1. CAB only depends on 𝝉−𝝉’:

Properties of Matsubara green’s function



1. CAB only depends on 𝝉−𝝉’:

Properties of Matsubara green’s function

2.  CAB(𝝉−𝝉’) is naturally defined in the interval of −β < 𝝉−𝝉’ < β. 

Otherwise it diverges. It is clear if we consider Lehman representation for 𝝉 > 𝝉’ 



Properties of Matsubara green’s function

+: boson 
−: fermion

Consider the case of −β < 𝝉 < 0:



Properties of Matsubara green’s function

+: boson 
−: fermion

Consider the case of −β < 𝝉 < 0:

Using imaginary time !
=> we can treat temperature as time! 



Fourier transform of Matsubara green’s function

• As CAB is defined for −β < 𝝉 < β, desecrate Fourier transform is defined as

• They become

• ⍵n is called as Matsubara frequency



Example: non interacting particle

• Consider a Hamiltonian:

• Single particle Matsubara Green’s function:
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Example: non interacting particle

• For fermion:
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Example: non interacting particle

• Combine qn and kn to ⍵n:  

• ⍵n=nπ/β (n=odd: fermion, n=even: boson)

• Using analytic continuation:



Example: non interacting particle

• Combine qn and kn to ⍵n:  

• ⍵n=nπ/β (n=odd: fermion, n=even: boson)

• Using analytic continuation:

Figure from Bruus and Flensberg
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Interaction picture



Interaction picture

H=H0+V• Interaction picture: separate time evolution due to H0 and V

U: unitary



Imaginary time (1)

• From the real-time heisenberg picture:

• Replace it => 𝛕: 

• The thermal average is written, in terms of UI(τ,τ′):



Imaginary time (2)

• For example, consider the averaged correlation function with imaginary time:

• where we have:



Fourier transform of Matsubara green’s function



Example: non interacting particle

• For fermion:



Example: non interacting particle

• For boson:

using



Various Green’s functions


